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1. INTRODUCTION

The following integral inequality

f(a-l—b)S 1 /abf(t)dtgf(aﬂf(b) (1.1)

2 b—a 2 ’

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
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Theory for divergence measures, from which we would like to refer the reader to the
papers [1]-[58] and the references therein.

In this paper we establish some Hermite-Hadamard type inequalities for twice
differentiable functions whose second derivatives are bounded below and above by
exponential functions. Applications for special means are provided as well.

2. THE RESULTS

The following result holds:

Theorem 1. Let f : [a,b] — R be a twice differentiable function with the property
that there exists the constants o, m, M € R with o # 0, m < M and such that

me® < " (t) < Me* (2.1)

for any t € (a,b).
Then we have the inequalities

ﬁ e 4 eab 3 eab — e

a? 2 a(b—a)
fla+fm) 1 f°

5 i f(t)dt
M
<

M (eaa + eab B eab _ eoza) (2.2)

IN

a? 2 a(b—a)
and
ab _ ,aa
m (e e a(=g)
a2 \a(b—a)

<t [roa-r(“5)
<M (b— _eawb)). (2.3)

“ a2\ ab-a)

Proof. Consider the auxiliary function g, « : [a,b] — R given by gm.« (t) := f (¢) —

m
—e®". This function is twice differentiable and since gy, ,, (t) := f” (t) — me® > 0

@
we have that g,, o is convex.
By the definition of convexity we have that

0 S )\gm,a (a) + (1 - >‘) gm,a (b) - gm,a ()‘a + (1 - >‘) b) (24)
=Af(a)+ (A=) ()= fAa+(1-A)b)
_ EQ (/\eaa + (1 _ )\) eab _ ea(ka—l—(l—)\)b))

for any A € [0,1].
This is equivalent with

5 (Ae 4 (1= et — gaari=am) (2.5)
<Af(@) + (1= A) F(B)— fQat(1—N)b)
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for any A\ € [0,1].

Utilising the auxiliary function gas o : [a,b] — R given by gar,q (t) := i\é e —f(t)
we also get
(L= F®)=fAa+(1—=A)b) (2.6)

A (a) +
< ( ) et — eoz()\aqt(lf)\)b))

Q\ii

for any A € [0,1].
Integrating the inequality (2.5) over A € [0, 1] and taking into account that

1 b ab _ ,aa
/ coat(1-200) g\ _ b 1 / cosgs — € e
0 a

—a a(b—a)

1 b
/0f()\a+(1f>\)b)d/\:bia/af(t)dt

we obtain the first inequality in (2.2).
The second part of (2.2) follows by (2.6) in the same way.
Now if we use (2.5) and (2.6) for A = £ we get

and

moet e ) @) (ut
aa(z‘e( ))S 2 ‘f< 2 ) @7)
<i\g(eau_2~_eav_ea(u;rv)>

for any u, v € [a,b].
If we write this inequality for u = Aa+ (1 — A) b and v = (1 — X\) a + Ab then we
get

m <ea(Aa+(1—A)b)+ea((l—A)a+Ab)

- 5 —eo‘(az)> (2.8)
(LDt QND SO Nat ) (a40)

o

- 2

a(Xa+(1-X)b) a((1—=X)a+Adb) N
<M te o)
~ o? 2

for any A € [0,1].
Integrating the inequality (2.8) over A on the interval [0,1] and taking into
account that

1 1 eab — eQa
/ ea()\a+(17)\)b)d)\ — / ea((lf)\)arl*)\b)d)\ _
0 0 a(b—a)
and
1 1
/ f()\a—i—(l—)\)b)d)\:/ F((1=X)a+Ab)d
0 0
1 b
= t)dt
= [
then we get the desired result (2.3). O
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Remark 1. If 0 < z <y and the function f : [Inz,Iny] — R satisfies the condition
(2.1) on the interval [Inx,Iny|, then we have the inequalities

m
T (A — L%, y))
Iny

<A S ny) — e [ p 0

nr

< S AEY) - L6y (29

o5 (L") = G y™)

1 Iny
S f0d-fG )

nxr

< M@y - Gty (@210)

+
where A (p,q) = pra is the arithmetic mean, G (p,q) := \/pq is the geometric

mean and L (p,q) = is the logarithmic mean.

I
Inp—Ing

We need the following result that is of interest itself. It provides lower and upper
bounds for the Jensen’s difference

Zpl ;) <szxl>

in the case of twice differentiable functions whose second derivatives are bounded
by exponentials as in (2.1).

Lemma 1. Let f : [a,b] — R be a twice differentiable function with the property

that there exists the constants a,m, M € R with a # 0, m < M and such that (2.1)
is valid.

Then for any x; € [a,b] and p; > 0 with i € {1,...,n} and >_ p; = 1 we have the
i=1
inequalities

ﬁ - QT O Z?leﬂi
(R
< sz'f (i) = f (ZPzIz>
i=1 =

a% (sz ol 1pm)>. (2.11)
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Proof. Since the auxiliary function g, o : [a,b] — R given by gm. (t) == f(t) —

m

—260‘t is convex, then by Jensen’s inequality we have
a

0 S E DPigm,«a (xz) — Im,a ( E Pz%)
i=1 =
- E pz xz ( § pﬂ%)

-5 (Z piec®i — ea(th))
=1

The second inequality follows in a similar way by employing the auxiliary

which produces the first inequality.
. . M
function gas.a : [a,0] = R given by garq (t) := —e** — f(t). O
«

Remark 2. If 0 < x < y and the function f : [lnz,Iny] — R satisfies the
condition (2.1) on the interval [Inx,Iny|, then we have the inequalities

pif (Iny;) <lnHyzl> (2.12)
(Z Py — H ya’“)

= (Z Py — H y“’”)

I A

where 0 < x <y; <y forie{l,..,n}.

Utilising the Jensen’s type inequality (2.11) we are able to provide some upper
and lower bounds for the difference of the integral means

1 b 1 b b n
b—(l/a f(l‘)d.’L‘— m/ﬂ /a f (;p&y) dxq...dx,

where p; > 0 with ¢ € {1,...,n} and > p; = L.
i=1

Theorem 2. Let [ : [a,b] — R be a twice differentiable function with the property
that there exists the constants a,m, M € R with a # 0,m < M and such that (2.1)
s valid.
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n
Then for any p; > 0 with i € {1,...,n} and > p; = 1 we have the inequalities
i=1

m eocb _ eqa

2| alb—a)

n eapib — eopia

H b—a

/ / (sza;z> dzy...dx,

M eab _ eoa 1 n eocpib _ e@pia
— — . (2.13
“a? | a(b—a) ]-_-[ b—a (2.13)

n
an ] ps i=1
i=1

1
1j

Proof. We integrate the inequality (2.11) on [a,b]" to get

b b
pel (sz/ / e“idxy...dry, — / /e Lpie) gy dmn> (2.14)
b b
SZpi/ / f(xi)d:cl...d:rnf/ / f (Zpﬂ,) dzy...dz,
=1 a a a a -7
M [ b
S sz/ / e*"idxy...dz, — / / i) day da, |
i=1 a

Observe that

b b b
/ / eazidxl...dxn:(b—a)7l_1/ e*idx,

b b
// ea(zz’;lpixi)dxl...dxn:/ /Hea”‘ ‘dxy...dx,

ap;b _ japia
_ / rey [
an;
i1 123
(b—a

n
am™ H p; =1
=1

/ab.../abf(xi)d:cl...dxn:(b—a)"1/;f(:c)d:z:
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From (2.14) we then get
m eab _ eaa (b _ a)n n eupib — eapia
— | b-a)" - H
2 _ n _
! a(b—a) on [ pi imd b—a
i=1
b b b n
< (b—a)n_l/ f(x) dxf/ / f X:p,:cZ dzy...dz,
a a a i=1
ab _ _aa A\ " ap;b _ _ap;a
S%Q (b—a)ne . e (b na) e : e 7
« a(b—a) an [ ps in1 —a
i=1
which by division with (b — a)" produces the desired result (2.13). O

3. SOME APPLICATIONS

The above inequalities may be applied for various functions in Analysis for which
0

e

simple upper and lower bounds for the function can be found.
1
Consider, for instance, the function f : [a,b] C (0,00) — R given by f (t) = T

2
We have f” (t) = 5 for t € [a, b] and

2 7@ 2
— < < 1
b3eb = et T ader (3:-1)
for any t € [a,b].
Utilising the inequality (2.2) we obtain
2 L(a,b) — H (a,b)
A (e® by _ L (e® b < ) ’ 3.2
b3eb( (676) (6 ,6))_ L(a,b)H(a,b) ( )
2 a b a b
<2 (A(ene) - Liene)
and from (2.3)
2 A(a,b) — L(a,b)
L (e b\ _ _A(a,b) < ’ ’ 3.3
b3eb( (e%,e”) —e )— A(a,b) L (a,b) (3:3)
2 a b A(a,b)
< _ ,
S 5ea (L(e,e) e ),
2
where H (a,b) := v+ is the harmonic mean.

i
a b
Now, consider the function f : [a,b] C R — R given by f (t) = €’ with 8 > a.
Then we have
2,(B—a)a < f" () < B2e(Bab 34
Be S Toar = e (3.4)
for any t € [a,b].
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If we apply the inequality (2.11) for the function f () = !, t € [a,b], then we
have the inequalities

2 n
(0%
=1
< sz‘eﬁzi _ 65(2?’:1 Pz‘ri)
=1
ﬁ2 - & ax; " T
< ge(ﬁ )b Zpie i e“(Zz:l plml) (35)
=1

for any z; € [a,b] and p; > 0 with ¢ € {1,...,n} and Zl% =1

Now, assume that 0 < s < y; < § < oo for any i € {1,...,n}. On choosing
=Iny; for any i € {1,...,n}, then we have Ins < z; <InS.
If we write the inequality (3.5) for these x; = Iny; for any ¢ € {1,...,n} we get
for 8> «

2 n n
%s(ﬂ‘a) (Zpiyz Hyo‘pl> <> pl - Hyﬁp‘ (3.6)
i=1 i=1
(#=e) <Zpiyz Hya“)
i=1

provided that 0 < s <y; < .S < oo,p; >0 for any i € {1,....,n} and > p; = 1.
i=1
If in this inequality we take 5 =1 and @ = —1 then we get

2|5 <szyz Hy]‘”<S2 sz—

=R v H v
i=1

Finally, on applying the inequality (2.13) for the exponential function f : [a,b] C
R — R given by f () = ¢ with 3 > «, we obtain

P g [ 1 et
! a(b—a) i b—a
a™ ] ps i=1
i=1
eBb _ paa 1 eBpib _ oBpi
- b—a b—a
B( ) ﬁn H p; =1
2
2 ab aa o ap;b «
_ 1 Pib _ Pi
< B—Qe(a—fwb © ; < = 11 ¢ ; € (3.8)
« a(b—a) an T pi st —a
i=1



On Hermite-Hadamard Inequality for Twice Differentiable Functions Bounded by

Exponentials

n
for any p; > 0 with ¢ € {1,...,n} and > p; = 1.
i=1
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