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1. INTRODUCTION

The following integral inequality

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f (t) dt ≤ f (a) + f (b)

2
, (1.1)

which holds for any convex function f : [a, b] → R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
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Theory for divergence measures, from which we would like to refer the reader to the
papers [1]-[58] and the references therein.

In this paper we establish some Hermite-Hadamard type inequalities for twice
differentiable functions whose second derivatives are bounded below and above by
exponential functions. Applications for special means are provided as well.

2. THE RESULTS

The following result holds:

Theorem 1. Let f : [a, b]→ R be a twice differentiable function with the property
that there exists the constants α,m,M ∈ R with α 6= 0,m < M and such that

meαt ≤ f ′′ (t) ≤Meαt (2.1)

for any t ∈ (a, b) .
Then we have the inequalities

m

α2

(
eαa + eαb

2
− eαb − eαa

α (b− a)

)
≤ f (a) + f (b)

2
− 1

b− a

∫ b

a

f (t) dt

≤ M

α2

(
eαa + eαb

2
− eαb − eαa

α (b− a)

)
(2.2)

and

m

α2

(
eαb − eαa

α (b− a)
− eα( a+b

2 )
)
≤ 1

b− a

∫ b

a

f (t) dt− f
(
a+ b

2

)
≤ M

α2

(
eαb − eαa

α (b− a)
− eα( a+b

2 )
)
. (2.3)

Proof. Consider the auxiliary function gm,α : [a, b]→ R given by gm,α (t) := f (t)−
m

α2
eαt. This function is twice differentiable and since g′′m,α (t) := f ′′ (t)−meαt ≥ 0

we have that gm,α is convex.
By the definition of convexity we have that

0 ≤ λgm,α (a) + (1− λ) gm,α (b)− gm,α (λa+ (1− λ) b) (2.4)

= λf (a) + (1− λ) f (b)− f (λa+ (1− λ) b)

− m

α2

(
λeαa + (1− λ) eαb − eα(λa+(1−λ)b)

)
for any λ ∈ [0, 1] .

This is equivalent with

m

α2

(
λeαa + (1− λ) eαb − eα(λa+(1−λ)b)

)
(2.5)

≤ λf (a) + (1− λ) f (b)− f (λa+ (1− λ) b)
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for any λ ∈ [0, 1] .
Utilising the auxiliary function gM,α : [a, b]→ R given by gM,α (t) := M

α2 e
αt−f (t)

we also get

λf (a) + (1− λ) f (b)− f (λa+ (1− λ) b) (2.6)

≤ M

α2

(
λeαa + (1− λ) eαb − eα(λa+(1−λ)b)

)
for any λ ∈ [0, 1] .

Integrating the inequality (2.5) over λ ∈ [0, 1] and taking into account that∫ 1

0

eα(λa+(1−λ)b)dλ =
1

b− a

∫ b

a

eαsds =
eαb − eαa

α (b− a)

and ∫ 1

0

f (λa+ (1− λ) b) dλ =
1

b− a

∫ b

a

f (t) dt

we obtain the first inequality in (2.2).
The second part of (2.2) follows by (2.6) in the same way.
Now if we use (2.5) and (2.6) for λ = 1

2 we get

m

α2

(
eαu + eαv

2
− eα(u+v

2 )
)
≤ f (u) + f (v)

2
− f

(
u+ v

2

)
(2.7)

≤ M

α2

(
eαu + eαv

2
− eα(u+v

2 )
)

for any u, v ∈ [a, b] .
If we write this inequality for u = λa+ (1− λ) b and v = (1− λ) a+ λb then we

get

m

α2

(
eα(λa+(1−λ)b) + eα((1−λ)a+λb)

2
− eα( a+b

2 )
)

(2.8)

≤ f (λa+ (1− λ) b) + f ((1− λ) a+ λb)

2
− f

(
a+ b

2

)
≤ M

α2

(
eα(λa+(1−λ)b) + eα((1−λ)a+λb)

2
− eα( a+b

2 )
)

for any λ ∈ [0, 1] .
Integrating the inequality (2.8) over λ on the interval [0, 1] and taking into

account that ∫ 1

0

eα(λa+(1−λ)b)dλ =

∫ 1

0

eα((1−λ)a+λb)dλ =
eαb − eαa

α (b− a)

and ∫ 1

0

f (λa+ (1− λ) b) dλ =

∫ 1

0

f ((1− λ) a+ λb) dλ

=
1

b− a

∫ b

a

f (t) dt

then we get the desired result (2.3).
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Remark 1. If 0 < x < y and the function f : [lnx, ln y]→ R satisfies the condition
(2.1) on the interval [lnx, ln y] , then we have the inequalities

m

α2
(A (xα, yα)− L (xα, yα))

≤ A (f (lnx) , f (ln y))− 1

ln y − lnx

∫ ln y

ln x

f (t) dt

≤ M

α2
(A (xα, yα)− L (xα, yα)) (2.9)

and

m

α2
(L (xα, yα)−G (xα, yα))

≤ 1

ln y − lnx

∫ ln y

ln x

f (t) dt− f (lnG (x, y))

≤ M

α2
(L (xα, yα)−G (xα, yα)) , (2.10)

where A (p, q) :=
p+ q

2
is the arithmetic mean, G (p, q) :=

√
pq is the geometric

mean and L (p, q) :=
p− q

ln p− ln q
is the logarithmic mean.

We need the following result that is of interest itself. It provides lower and upper
bounds for the Jensen’s difference

n∑
i=1

pif (xi)− f

(
n∑
i=1

pixi

)

in the case of twice differentiable functions whose second derivatives are bounded
by exponentials as in (2.1).

Lemma 1. Let f : [a, b] → R be a twice differentiable function with the property
that there exists the constants α,m,M ∈ R with α 6= 0, m < M and such that (2.1)
is valid.

Then for any xi ∈ [a, b] and pi ≥ 0 with i ∈ {1, ..., n} and
n∑
i=1

pi = 1 we have the

inequalities

m

α2

(
n∑
i=1

pie
αxi − eα(

∑n
i=1 pixi)

)

≤
n∑
i=1

pif (xi)− f

(
n∑
i=1

pixi

)

≤ M

α2

(
n∑
i=1

pie
αxi − eα(

∑n
i=1 pixi)

)
. (2.11)
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Proof. Since the auxiliary function gm,α : [a, b] → R given by gm,α (t) := f (t) −
m

α2
eαt is convex, then by Jensen’s inequality we have

0 ≤
n∑
i=1

pigm,α (xi)− gm,α

(
n∑
i=1

pixi

)

=

n∑
i=1

pif (xi)− f

(
n∑
i=1

pixi

)

− m

α2

(
n∑
i=1

pie
αxi − eα(

∑n
i=1 pixi)

)

which produces the first inequality.

The second inequality follows in a similar way by employing the auxiliary

function gM,α : [a, b]→ R given by gM,α (t) :=
M

α2
eαt − f (t).

Remark 2. If 0 < x < y and the function f : [lnx, ln y] → R satisfies the
condition (2.1) on the interval [lnx, ln y] , then we have the inequalities

m

α2

(
n∑
i=1

piy
α
i −

n∏
i=1

yαpii

)
≤

n∑
i=1

pif (ln yi)− f

(
ln

n∏
i=1

ypii

)
(2.12)

≤ M

α2

(
n∑
i=1

piy
α
i −

n∏
i=1

yαpii

)
,

where 0 < x ≤ yi ≤ y for i ∈ {1, ..., n} .

Utilising the Jensen’s type inequality (2.11) we are able to provide some upper
and lower bounds for the difference of the integral means

1

b− a

∫ b

a

f (x) dx− 1

(b− a)
n

∫ b

a

...

∫ b

a

f

(
n∑
i=1

pixi

)
dx1...dxn

where pi > 0 with i ∈ {1, ..., n} and
n∑
i=1

pi = 1.

Theorem 2. Let f : [a, b]→ R be a twice differentiable function with the property
that there exists the constants α,m,M ∈ R with α 6= 0,m < M and such that (2.1)
is valid.
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Then for any pi > 0 with i ∈ {1, ..., n} and
n∑
i=1

pi = 1 we have the inequalities

m

α2

eαb − eαaα (b− a)
− 1

αn
n∏
i=1

pi

n∏
i=1

eαpib − eαpia

b− a


≤ 1

b− a

∫ b

a

f (x) dx− 1

(b− a)
n

∫ b

a

...

∫ b

a

f

(
n∑
i=1

pixi

)
dx1...dxn

≤ M

α2

eαb − eαaα (b− a)
− 1

αn
n∏
i=1

pi

n∏
i=1

eαpib − eαpia

b− a

 . (2.13)

Proof. We integrate the inequality (2.11) on [a, b]
n

to get

m

α2

(
n∑
i=1

pi

∫ b

a

...

∫ b

a

eαxidx1...dxn −
∫ b

a

...

∫ b

a

eα(
∑n

i=1 pixi)dx1...dxn

)
(2.14)

≤
n∑
i=1

pi

∫ b

a

...

∫ b

a

f (xi) dx1...dxn −
∫ b

a

...

∫ b

a

f

(
n∑
i=1

pixi

)
dx1...dxn

≤ M

α2

(
n∑
i=1

pi

∫ b

a

...

∫ b

a

eαxidx1...dxn −
∫ b

a

...

∫ b

a

eα(
∑n

i=1 pixi)dx1...dxn

)
.

Observe that ∫ b

a

...

∫ b

a

eαxidx1...dxn = (b− a)
n−1

∫ b

a

eαxidxi

= (b− a)
n e

αb − eαa

α (b− a)
,

∫ b

a

...

∫ b

a

eα(
∑n

i=1 pixi)dx1...dxn =

∫ b

a

...

∫ b

a

n∏
i=1

eαpixidx1...dxn

=

n∏
i=1

∫ b

a

eαpixidxi =

n∏
i=1

eαpib − eαpia

αpi

=
(b− a)

n

αn
n∏
i=1

pi

n∏
i=1

eαpib − eαpia

b− a

and ∫ b

a

...

∫ b

a

f (xi) dx1...dxn = (b− a)
n−1

∫ b

a

f (x) dx.
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From (2.14) we then get

m

α2

(b− a)
n e

αb − eαa

α (b− a)
− (b− a)

n

αn
n∏
i=1

pi

n∏
i=1

eαpib − eαpia

b− a


≤ (b− a)

n−1
∫ b

a

f (x) dx−
∫ b

a

...

∫ b

a

f

(
n∑
i=1

pixi

)
dx1...dxn

≤ M

α2

(b− a)
n e

αb − eαa

α (b− a)
− (b− a)

n

αn
n∏
i=1

pi

n∏
i=1

eαpib − eαpia

b− a

 ,

which by division with (b− a)
n

produces the desired result (2.13).

3. SOME APPLICATIONS

The above inequalities may be applied for various functions in Analysis for which

simple upper and lower bounds for the function
f ′′ (·)
eα·

can be found.

Consider, for instance, the function f : [a, b] ⊂ (0,∞) → R given by f (t) =
1

t
.

We have f ′′ (t) =
2

t3
for t ∈ [a, b] and

2

b3eb
≤ f ′′ (t)

et
≤ 2

a3ea
(3.1)

for any t ∈ [a, b] .
Utilising the inequality (2.2) we obtain

2

b3eb
(
A
(
ea, eb

)
− L

(
ea, eb

))
≤ L (a, b)−H (a, b)

L (a, b)H (a, b)
(3.2)

≤ 2

a3ea
(
A
(
ea, eb

)
− L

(
ea, eb

))
and from (2.3)

2

b3eb

(
L
(
ea, eb

)
− eA(a,b)

)
≤ A (a, b)− L (a, b)

A (a, b)L (a, b)
(3.3)

≤ 2

a3ea

(
L
(
ea, eb

)
− eA(a,b)

)
,

where H (a, b) :=
2

1
a + 1

b

is the harmonic mean.

Now, consider the function f : [a, b] ⊂ R→ R given by f (t) = eβt with β > α.
Then we have

β2e(β−α)a ≤ f ′′ (t)

eαt
≤ β2e(β−α)b (3.4)

for any t ∈ [a, b] .
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If we apply the inequality (2.11) for the function f (t) = eβt, t ∈ [a, b] , then we
have the inequalities

β2

α2
e(β−α)a

(
n∑
i=1

pie
αxi − eα(

∑n
i=1 pixi)

)

≤
n∑
i=1

pie
βxi − eβ(

∑n
i=1 pixi)

≤ β2

α2
e(β−α)b

(
n∑
i=1

pie
αxi − eα(

∑n
i=1 pixi)

)
(3.5)

for any xi ∈ [a, b] and pi ≥ 0 with i ∈ {1, ..., n} and
n∑
i=1

pi = 1.

Now, assume that 0 < s ≤ yi ≤ S < ∞ for any i ∈ {1, ..., n} . On choosing
xi = ln yi for any i ∈ {1, ..., n} , then we have ln s ≤ xi ≤ lnS.

If we write the inequality (3.5) for these xi = ln yi for any i ∈ {1, ..., n} we get
for β > α

β2

α2
s(β−α)

(
n∑
i=1

piy
α
i −

n∏
i=1

yαpii

)
≤

n∑
i=1

piy
β
i −

n∏
i=1

yβpii (3.6)

≤ β2

α2
S(β−α)

(
n∑
i=1

piy
α
i −

n∏
i=1

yαpii

)

provided that 0 < s ≤ yi ≤ S <∞, pi ≥ 0 for any i ∈ {1, ..., n} and
n∑
i=1

pi = 1.

If in this inequality we take β = 1 and α = −1 then we get

s2

 n∑
i=1

pi
yi
− 1

n∏
i=1

ypii

 ≤ n∑
i=1

piyi −
n∏
i=1

ypii ≤ S
2

 n∑
i=1

pi
yi
− 1

n∏
i=1

ypii

 . (3.7)

Finally, on applying the inequality (2.13) for the exponential function f : [a, b] ⊂
R→ R given by f (t) = eβt with β > α, we obtain

β2

α2
e(β−α)a

eαb − eαaα (b− a)
− 1

αn
n∏
i=1

pi

n∏
i=1

eαpib − eαpia

b− a


≤ eβb − eαa

β (b− a)
− 1

βn
n∏
i=1

pi

n∏
i=1

eβpib − eβpia

b− a

≤ β2

α2
e(β−α)b

eαb − eαaα (b− a)
− 1

αn
n∏
i=1

pi

n∏
i=1

eαpib − eαpia

b− a

 (3.8)
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for any pi > 0 with i ∈ {1, ..., n} and
n∑
i=1

pi = 1.
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[29] Dragomir, S. S., Pečarić, J. & Sándor, J. (1990). A note on the Jensen-
Hadamard inequality. Anal. Num. Theor. Approx., 19, 21-28.

[30] Dragomir, S. S., & Toader, G. H. (1993). Some inequalities for m-convex
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